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MATHEMATICAL PROGRESS WITHOUT FUSION 
BY THOMAS HAWKINS, BOSTON UNIVERSITY 
I certainly agree with DieudonniZ that the interplay of ideas 
from diverse mathematical theories has played a considerable 
role in the development of mathematics since the middle of the 
19th century. In connection with his central thesis that “progress 
most of the time results from the imaginative fusion of two or 
more apparently different topics,” I would like to make two 
points, which I shall illustrate by examples drawn from 19th 
century mathematics. (I leave aside the thorny question: what 
constitutes “progress”?) 
Point 1. "Progress" frequently comes from an interplay of 
ideas from distinct areas of mathematics that does not, however, 
resemble a fusion in the sense described by Dieudonn6. 
Example A. Lebesgue Integration. 
By the early 1890’s Riemann’s theory of integration had been 
given a measure-theoretic formulation. No one, however, was 
interested in changing the associated theory of measure. Indeed, 
it was exactly what was appropriate for Riemann integration, and 
no one seems to have regarded Riemann’s theory as “problematical”. 
True, examples were known of functions for which the fundamental 
theorem of the calculus failed, but no one seems to have seen a 
challenge to devise a superior theory. Riemann’s theory as a 
problem was not a “center of attraction”. 
A radically different sort of measure was first introduced 
by Bore1 as a consequence of his work on complex function 
theory. His work on a generalized type of analytic continuation 
required a definition of measure such that the measure of any 
countable set even if it were dense, would be zero. Thus Bore1 
took the measure-theoretic ideas of integration theory and 
radically changed them so as to be useful for his purposes. 
Borel’s work certainly represents an extremely imaginative fusion 
of measure-theoretic notions extracted from integration theory, 
with a problem in complex analysis. But the real progress came 
when Lebesgue took Borel’s ideas on measure -- hardly an 
established “center of radiation” -- and reapplied them in their 
original context, namely integration theory. 
Example B. Frobenius' creation of the theory of group 
characters and representations. 
The crucial step was the introduction of a new concept -- the 
group determinant -- which brings with it the problem of relating 
its factorization (as a homogeneous polynomial in as many variables 
as the group has elements) to the structure of the underlying 
group. Frobenius’ solution to this problem led to his creation 
of the theory of group characters and representations, a theory 
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that certainly constituted progress in mathematics. The key to 
the progress involved an interplay, not a fusion, of diverse 
mathematical considerations. 
The concept of the group determinant first occurred to Dedekind, 
who encouraged Frobenius to work on the problem suggested by it. 
The idea occurred to Dedekind as the result of consideration of 
the discriminant of a system of elements w~,w~,...,w~ belonging 
to a normal extension of degree n of the rational field Q. Dedekind 
considered the special case in which wi = wni, where v~,R~,...,T~ 
are the elements of the Galois group of the extension. In this 
case the determinant involved in the definition of the discriminant 
takes a form which suggests the group determinant, although the 
former is a number and the latter is a homogeneous polynomial. 
Here we have an example of concepts from one field (the theory 
of numbers) suggesting by formal analogy concepts and problems 
in another. Frobenius, of course was undoubtedly interested in 
studying the group determinant because it would involve a fusion 
of his two favorite areas of mathematics: the theories of groups 
and determinants! 
Point 2. Some fundamentally important developments in math- 
ematics in no way represented a fusion or an interplay of existing 
theories. They involved the creation of entirely new theories. 
Even if such occurences are relatively rare, their impact upon 
mathematics is tremendous. 
Example C. The work of Galois which grew out of the problem 
of the solvaL@ility of equations by radicals. 
Galois’ solution to this problem (his group-theoretic charac- 
terization of solvability) was not the result of a fusion or 
interplay of ideas from different theories. The group-theoretic 
ideas grew out of the problem itself. The impact of group- 
theoretic ideas on the development of 19th and 20th century 
mathematics has of course been tremendous. 
Example D. The work of Cantor (set theory, transfini te 
numbers). 
This has likewise profoundly affected the development of 
mathematics. Yet Cantor’s work was not the result of any fusion 
of existing theories. His work was really without precedent -- 
a kind of mathematics that had never been done before -- and was 
not universally accepted as legitimate mathematics. 
My examples have been drawn from the 19th century. The kind 
of fusion Dieudonne describes is certainly much more characteristic 
of the abstract mathematics of the 20th century. But I suspect 
the 20th century may yet produce the likes of a Galois or a 
Cantor, whose work will profoundly affect the course of mathematical 
development, i.e., 
[Prof. Hawkins ’ 
the progress of mathematics. 
examples should be compared with those of 
Prof. Koppelman, who makes a similar point in Part A. -- Ed.] 
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DISCUSSION 
Referring to Hawkins’ Example A, Dieudonnd said he thought 
the Riemann integral was no longer of interest. A heated debate 
ensued, until it was pointed out (by Mackey) that there was a 
misunderstanding as to what was meant by the “Riemann integral”. 
It seems that the expression has a different meaning in the United 
States than in France. In the United States, it means simply 
expressing definite integrals as limits of Riemann sums, whereas 
in France it refers to the sophisticated theorem that a function 
is Riemann integrable if and only if it is bounded and its points 
of discontinuity form a set of Bore1 measure zero. 
Professor Kline initiated the main discussion by observing that 
the arithmetization of mathematics (or, strictly analysis) depended 
not only on the work of Cantor and Dedekind, but also on that of 
Cauchy, Dirichlet and others. It should not be exclusively limited 
to the construction of the real numbers from the positive integers. 
Birkhoff then asked why the arithmetization of mathematics 
(including analysis) was considered so important in 1900 that 
Poincare stressed it in his address to the International Congress. 
(C.R. Deuxihe Congrbs Int. Math., Paris, 1900, p. 120.) He 
thought arithmetization important because it was believed to have 
put all mathematics on a secure basis, reducing everything to 
the notions of set and function (and fixed rules of logic). 
Poincare wondered whether “this evolution” (to arithmetization) 
“was finished” . Birkhoff thought its next stage was the attempt 
by Whitehead and Russell to formalize the “arithmetization of 
analysis ,I’ using symbolism stemming from Peano, and that Gtldel’s 
theorems and Session D at the Conference showed that the answer 
to PoincarB’s question was: no. Glldel’s theorems seem to show 
that arithmetic itself cannot be formalized. Nevertheless, 
Bourbaki seems to adopt the view, in his encyclopedic treatise 
[ll], that all mathematics can be derived purely deductively 
from the concepts of set and function, without further reference 
to the external world. 
Putnam commented that today, no one thinks that simple 
foundations solved any philosophical problem. He said that the 
significance of the philosophy of mathematics is for the mathem- 
atician. 
The defense of the historians was then taken up by M. Kline. 
“They came today, not to tell us the history of mathematics, but 
to discuss the problems of history.. .I’. This was to help explain 
the rather broad nature of the historian’s talks. He did add 
that perhaps the mathematicians 1 talks were too detailed about 
the development of mathematics in recent times. [At the Conference, 
the more technical session on algebra had preceded the session 
on historiography.] But he rightfully emphasized that I’... the 
purpose of this meeting was not so much to get the history down 
from the mathematicians, who would be the best source, but rather 
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to discuss more the problems of how we can all co-operate.” 
Professor Birkhoff suggested that one reason for the inclusion 
by mathematicians of so many mathematical details might be that 
they have to be so precise in their thinking. Historical 
abstractions tend to get over their heads. He concluded the 
session by urging that: I’... discussion between mathematicians 
and historians of mathematics should be related to specific 
examples, with a minimum of philosophical superstructure, even 
though...[this superstructure]... might emerge in time, and 
might obtain acceptance through verification by experts.” 
